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11 CONTINUITY FOR A GENERAL COMPRESSIBLE FLUID

V = Velocity vector

t = Time
p = Density
(a) Vector.
%+ g-(pV) = 0 11
at
or
Dp
— . = 1.2
Dt + pV -V 0
D . . . . .
where the operator DT called the material, substantial, or Stokes derivative, is given
in Section 15 or the Appendix.
(b) Cartesian Tensor.
w; is the velocity in the z; direction.
9p (p’ll)s) ~ o 13
ot + ax; .
(c) Cartesian.
u,V, and w are the velocities in the x, ¥, and z directions respectively
p d 3
— = - = 1.4
FriRa (Pu) ay(rﬂ)) + = (pw) 0
(d) Cylindrical.
¥, Vo, and v. are the velocities in the r, 6, and z directions respectively
[/ 19 1 a
D ov) = 0 15
at 7 W( pvr) + 5 60(‘0%) + az(””)

(e) Spherical.

Vr, Vo, and ve are the velocities in the r, 0, and ¢ directions respectively
dp Ia 1 ad 1

= A+ — vy Sin 4§

E)t+ ( rpvr) rsinf 70(p ’ I 7sm()3<f>(P ve)
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The orthogonal coordinates are denoted as z:, 2, and z;.

is given by The line element of length

ds? = R'ds

2 2 2 2
dz, + h,dz, + h,dx;

A.47
and the element of volume as

dV = hhh,dz, dz,dz, A48

The table below lists various orthogonal coordinate systems and the values of the
metric coefficients ki, h2, and ha, together with the relationships between the coordinates
and the Cartesian coordinates x, %, and z. For a more complete discussion of the general
theory of orthogonal transformation theory and the matrix formulation, the reader is
referred to the chapter on dynamics (Chapter 4).

Listed below, then, is an outline of the coordinate systems. For a more complete
discussion of the physical significance of the coordinate systems the reader is referred to
the references at the end of this appendix. In particular, the reference to Margenau and
Murphy is useful.

Tables of Orthogonal Coordinate Systems

Confocal Ellipsoidal
(a, b and ¢ are constants)
o _ o = (@@= N2 = w@@—)
Cylindrical Spherical (b2 — a?)(c% — a?)
x = rcosé x = rsinécosg¢ v = (b2 — A)(b2 — u)(b2 — )
Cartesian . A . (a2 — b2)(c2 — b?)
y = rsing y = rsingsing
N RN Gl )
z = z z = 1rCosé (a2 — %) (b2 — ¢2)
xy x r T A
h‘Z 1 1 1 l (I‘ - )\)(” =)
! 4 ) (a2 — 22— A2 — 1)
T2 v 6 ¢ "
R} 1 2 72 sin? 6 1 (r—mA=n)
4 | (a® — p)(b2 — p)(c? — p)
X3 z z [ v
. . . " 1 { O = u—)
4 [(aZ — »)(b2 — »)(c2 —»)
Prolate Spheroidal . Oblate Spheroidal Elliptic Cylindrical
x = asinhusinvcose¢ x = acoshusinvcose x = a coshwucosv
y = asinhusinvsing ¥y = acoshusinvsing y = asinhusinv
z = acoshucosv z = asinhucosv z = z
z, u u u
h? a2(sinh? « + sin2v) a¥(sinh? u + cos?v) a2(sinh2 « + sin2v)
EN v v v
3 a2(sinh? u + sin? v) a?(sinh2 u_+ cos2v) a(sinh2 « + sin2 v)
z3 ¢ @ z
h3 a?(sinh? u sin? v) a? cosh? u sin2v 1
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MATHEMATICAL RELATIONSHIPS

Vector Operations in Orthogonal Curvilinear Coordinates.

Gradient:
T o - Lo
(V )‘ - hy 9z,
_ Lo
(V(b)z " ha 32
1 o¢
(Vo) = - om
Divergence: i
VA = —1—[i(h2h3A1) + -2 (hahudg) + i(hlths)]
hihshs | 021 02 0x3
Curl:
XAp = o [ L (heds) — 2 (heds) ]
(V )l T hohs Lox. 323 0x3 22 ]
1[4 d T
(VX8e = s (5m 40 — g, (49
1 o d 7
(VXA) = ik _E(thz) - E(’hAl)ﬁ
Laplacian:
o = Lo [D(lhgey 0 (e sy, 9 (koo
v - hihohs Lox: \ Ay a:ﬁ) 9z \ ha ax2> dxs\ hs dza
Material Derivative:
D _ 4 wma  wad w8
Dt — ot hy dx, he 9x2 ha 0x3

where w,, w2, and ws; are

the velocities in the coordinate directions.

A.5 TRIGONOMETRIC RELATIONSHIPS

(a) Trigonometric Identities.

sin?d + cos?¢ = 1

1 + tan?¢ = sec?d

1 + ctn?d = csc?d

sin2§ = 2sinfcosé

cos20 = 2cos?’d — 1 = cos?f — sin?f

2tan¢

tan20 = T tanzg
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